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Abstract 
In this paper, we construct 23 new 3 HMOLS of type h". We also investigate he existence of 
3 HMOLS of type 2"31 and show that the necessary condition n >/6 is sufficient for such 
designs to exist except possibly for 18 values of n, of which n = 31 is the largest. As an 
application, some improvements for the existence of perfect Mendelsohn designs with block size 
five are also mentioned. 
1. Introduction 
Let S be a set and H = {$1, 82,  - - -  , Sn} be a set of subsets of S. A holey Latin square 
having hole set H is an ISI x IS] array L, indexed by S, satisfying the following 
properties: 
(1) every cell of L either contains a symbol  of S or is empty, 
(2) every symbol  of S occurs at most once in any row or column of L, 
(3) the subarrays indexed by S ix  Si are empty for 1 ~< i -%< n (these subarrays are 
referred to as holes), 
(4) symbol s eS  occurs in row or column t if and only if (s,t)~ 
( s x s) \ U1 ~ , ~ ,,( si  x s,). 
The order of L is ] S I. Two holey Lat in squares L and M on symbol set S and hole set 
H are said to be orthogonal if their superposit ion yields every ordered pair in 
(S x S) \01 <.,<.,,(Si x Si). We shall use the notat ion IMOLS (s; Sl . . . .  ,s,) to denote 
a pair  of orthogonal  holey Latin squares on symbol set S and hole set 
H = {$1, $2 . . . . .  S,}, where s = IS[ and si = IS~l for 1 ~< i ~< n. If H = 0, we obtain 
a pair  of MOLS(s). I fH  = {$1}, we simply write IMOLS(s ,  sx) for the orthogonal  pair 
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of holey Latin squares. We write IMOLS(s; Sl, s2) for the case H = {$1, $2} and 
SI c~S2 = O. 
If H = {$1, $2, .. . ,S,} is a partition of S, then a holey Latin square is called 
a partitioned incomplete Latin square, denoted by PILS. The type of the PILS is 
defined to be the multiset {JSi[: 1 ~< i ~< n}. We shall use an 'exponential' notation to 
describe types: so type tT' ... t~, ~ denotes ui occurrences of tl, 1 ~< i ~< k, in the multiset. 
Two orthogonal PILS of type T will be denoted by HMOLS(T). 
If any two PILS in a set of t PILS of type T are orthogonal, then we denote 
the set by t HMOLS(T). We may similarly define t MOLS(s), t IMOLS(s, sl) and 
t IMOLS (s; sl, s2). Let N(s) denote the maximum number t of MOLS(s). 
HMOLS have been useful in the construction of Room frames [14], Howell designs 
[21], resolvable orthogonal arrays invariant under the Klein 4-group [17], Steiner 
pentagon systems [19], idempotent Schroeder quasigroups [12], perfect Mendelsohn 
designs [6, 5] and 2-perfect m-cycle systems [18]. 
The maximum t of HMOLS of type T will be denoted N(T) .  The numbers N(T)  
have been studied mainly in the case where T = h". Typically, a PILS (or t HMOLS) 
of type h" is called a uniform PILS (or t HMOLS). In [24], 61 pairs of(h, n) are listed as 
possible exceptions for the existence of 3 HMOLS(h") where h ~> 2. Recently, three 
mutually orthogonal idempotent Latin squares of orders 18, 22 and 26 have been 
found in [3, 25]. This gives 3 HMOLS of types 518, 522, 2318 and 2322. More recently, 
the existence of 3 HMOLS(2") has been established for n --- 6 and n/> 33. These 
designs have more structure than we require; they are called HSOLSSOMs of type 2". 
We may summarize the known results in the following theorem. 
Theorem 1.1. (1) [1, 6, 3, 25] N(I") ~> 3 ifn ~> 5, n ~ 6, 10. 
(2) [16, 24, 3, 25, 7] I f  h >~ 2 and n >>. 5, then there exist 3 HMOLS(h"), except 
possibly for the 49 pairs (h, n) listed in Table 1. 
For the sake of completeness, we also mention the following lower bounds on N (h") 
which have been proved in [15, 23]. 
Table 1 
49 possible xceptions of 3 HMOLS(h") 
h Possible xceptions  
2 8, 10, 12, 14, 15, 16, 18, 20, 22, 24, 28, 32 
3 6, 8, 10, 12, 14, 16, 18, 20, 22, 24, 28, 32, 34 
5 6, 10 
6 7, 10, 11, 12, 14, 16, 18, 19,20,23 
10 6, 8, 10, 15, 16 
11 6, 10 
14, 17, 18 6 
23 6, 10 
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Theorem 1.2. (1) For any h >1 2, N(h") >i 2 i f  and only i f  n >>- 4. 
(2) N(21~) ~> 4 and N(2") >~ 6for  n~{29, 37, 41, 53, 61, 73, 89, 97}. 
In this paper, we shall improve Theorem 1.1 and construct 23 new uniform 
3 HMOLS.  We shall also investigate the existence of 3 HMOLS of type 2"31 and show 
that the necessary condition n >~ 6 is sufficient for such designs to exist except possibly 
for 18 values of n. As an application, some improvements for the existence of perfect 
Mendelsohn designs with block size five will be mentioned too. 
2. Constructions 
The constructions used in this paper are mainly known recursive construc- 
tions, which we state in this section. First, we mention the well-known product 
construction. 
Lemma 2.1 (Dinitz and Stinson [15]). Suppose there exist  k HMOLS ~1 type 
{tl, ... ,t,} and k MOLS(m). Then there exist  k HMOLS of  type {mr1, ... ,rot,}. 
Next, we state three generalized product constructions, where the third one is the 
combination of the first two. 
Lemma 2.2 (Brouwer and van Rees [9]). Suppose there exist  k + 1 MOLS(t) and let 
ui >~ 0 for  1 <~ i <~ t -  1. For 1 <~ i <~ t - 1, suppose there are k IMOLS(m + ui, ui). 
Then there are k HMOLS of  type m~u I where u = Y~I <~<~, lUi. 
Lemma 2.3 (Brouwer and van Rees I-9]). Suppose there exist  k + e. MOLS(t) and let 
ui >~ O for  1 <<, i <~ e -  1. For  1 <<. i <~ e - 1, suppose there are k IMOLS(m + u/, ui). 
Suppose there are k MOLS(m). Then there are k HMOLS of  type m~- l(m + u) 1, where 
U ~-  ~j~ l <~ i <~ e l U i • 
Lemma 2.4 (Brouwer and van Rees [9]). Suppose there exist k + e MOLS(t) and let 
ui >~ O for  l <~ i <~ e -1  and let vj >~ O for  l~ j~<t -1 .  For l <<, i <~ e - I and 
1 <~j <~ t - 1, suppose there are k IMOLS(m + ui + vj; ul, vj) and k IMOLS (m + rj, 
vj). Then there are k HMOLS(mt - l (m+u) lv l ) ,  where u=~l~, .<~, - lU i  and 
U = ~'~I <~j<~t - I  U j .  
We wish to make some remarks on Lemmas 2.3 and 2.4. The requirement of 
k MOLS(m) in Lemma 2.3 was stated in I-9, 22, 24] only when k + e < t - 1. However. 
we think it is always needed. The condition of k IMOLS(m + v j, v j) in Lemma 2.4 was 
missing in [-24, Lemma 2.5]. 
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A group divisible design (or GDD) is a triple (X, G, B) which satisfies the following 
properties: 
(1) G is a partition of X into subsets called groups, 
(2) B is a set of subsets of X (called blocks) such that a group and a block contain at 
most one common point, 
(3) every pair of points from distinct groups occurs in a unique block. 
The group type of the GDD is the multiset {[G[:G ~ G}. If K is the set of block sizes in 
a GDD, then the GDD is also denoted by K-GDD. A TD(k, n) is a GDD of group 
type n k and block size k. It is well known that the existence of a TD(k, n) is equivalent 
to the existence of k - 2 MOLS(n). 
The following is the weighting construction. 
Lemma 2.5 (Dinitz and Stinson [15]). Suppose (X, G,B) is a GOD and let weighting 
function w : X ~ ~_ + w {0}. Suppose there exist t HMOLS of type {w(x): x ~ B} for every 
B~B.  Then there exist t HMOLS of type {~x~GW(X): G~G}. 
We shall also need the following filling in holes construction, which modifies the 
construction i  [22]. 
Lemma 2.6 (Stinson and Zhu [22]). Suppose there are k HMOLS of type {tl, . . . ,  t,}, 
and let ~ >>-0. For d=O or 1, 1 <~i <~n-d ,  suppose there are k HMOLS 
of type T(i)w(e), where ti =Zt~T(i) t. Then there exist k HMOLS of type 
(U, <.~<~._dT(i))w{dt. + e}. 
The next lemma is a generalization of Lemma 2.2 (see [22]). 
Lemma 2.7 
for l <<. i <~ 
there are k 
k HMOLS 
(Stinson and Zhu [22]). Suppose there exist k + 1 MOLS(t) and let ui ~ 0 
t - 1. Let a be positive integer such that m > a. For 1 <<. i <~ t - 1, suppose 
IMOLS(m + ui; ul, a). I f  there exist k HMOLS of type a ~, then there are 
of type m~u a, where u = ~1 <~ i ~ t - 1 ui. 
To apply the above recursive constructions, the following known results are useful 
(see [8, Proposition 9.17; 2]). 
Lemma 2.8 (Beth et al. [8]). For every prime power q >~ 2, there exists a {q2}-GDD of 
type (q2 _ q),,, where m = q2 + q + 1. 
Lemma 2.9 (Abel et al. [2]). For any integer u >~ 1, there exist 3 IMOLS(v, u) if and 
only if v >~ 4u except (v, u) = (6, 1) and possibly excepting the 24 pairs of(v, u) shown in 
Table 2. 
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Table 2 
24 possible exceptions of 3 IMOLS(v ,  u) 
u Possible exception v
1 10 
2 16,20,31 
3 21 ,25 ,29 ,33 ,36 ,37 ,41 ,44  
4 38 
5 23,27,38 
6 26 ,33 ,40 ,44 ,48 ,52 ,53  
7 41 
3. Some new uniform 3 HMOLS 
In this section, we shall construct 23 new 3 HMOLS(h"). 
Lemma 3.1. There are 3 HMOLS(h6)for h = 10, 14 and 18. 
Proof. Since 3 HMOLS(26) exist from Theorem 1.1, we may apply Lemma 2.1 with 
m = 5, 7 and 9 to obtain the desired 3 HMOLS(h6). [] 
Lemma 3.2. There are 3 HMOLS of types 116, 176, 236, 108, 10 l°, 11 l°, and 23 l° 
Proof. Apply Lemma 2.2 with k = 3 and other parameters shown in Table 3. The 
required 3 IMOLS(m + ui, ui) all come from Lemma 2.9. [] 
Lemma 3.3. There are 3 HMOLS(232). 
Proof. Apply Lemma 2.2 with t=5,  m=10 and u l=u2=u3=u4=3.  Since 
3 HMOLS(13, 3) exist from Lemma 2.9, we obtain 3 HMOLS of type 105121. Apply 
Lemma 2.6 with e = 2, using 3 HMOLS(2") for n = 6 and 7 as input designs which 
come from Theorem 1.1, to get the desired 3 HMOLS(232). [] 
Table 3 





10 TM 9 
11 l° 9 
23 t o 9 
11 ul . . . . .  u3 =3,  u , , -2  
17 ul . . . . .  u3 = 4, u4 = 5 
23 ul . . . . .  u3 = 6, u4 = 5 
10 u l=uz= 1, u3 . . . . .  u ,~=2 
10 ul =u2 =2,  u 3 . . . . .  u 8 = 1 
11 ul =u2= 1, u3 . . . . .  us - -3 ,  u6 . . . . .  us=0 
23 ul . . . . .  u3 = 6, u4 . . . . .  u8 = 1 
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Lemma 3.4. There are 3 HMOLS(1015). 
Proof. Delete a point from a (76, 6, 1)-BIBD, which exists from I-8], to get a 
{6}-GDD of type 515 . Apply Lemma 2.5 with w = 2 for each point of the 
GDD. Since 3 HMOLS(26) exist by Theorem 1.1, we obtain the desired 
3 HMOLS(1015). [] 
Lemma 3.5. N(611)/> 5, N(6 lz) ~> 6, and N(613)/> 7. 
Proof. Taking q = 3 in Lemma 2.8 gives a {9}-GDD of type 613. Delete one 
or two groups. We get a {8, 9}-GDD of type 6 Iz and a {7, 8, 9}-GDD of 
type 611. Giving weight one to each point of the three GDDs and applying 
Lemma 2.5 gives the desired k HMOLS(6"), where k = 5, 6, or 7 for n = 11, 12, or 13, 
respectively. [] 
Lemma 3.6. There are 3 HMOLS(614). 
Proof. Delete one group from the {7}-GDD of type 315 constructed by Baker [4] to 
get a {6, 7}-GDD of type 314. Give weight two to each point of the GDD and apply 
Lemma 2.5 to get the desired 3 HMOLS(614), where the required 3 HMOLS(2") for 
n = 6 and 7 come from Theorem 1.1. [] 
Lemma 3.7. N(331)/> 5, N(332) >/6 and N(333) ~> 7. 
Proof. There exists a {9}-GDD of type 333 by a construction due to Mathon (see [16]). 
Delete one or two groups to get a {8, 9}-GDD of type 332 and a {7, 8, 9}-GDD 
of type 331. Give weight one to each point of the three GDDs and apply 
Lemma 2.5. [] 
We also use direct constructions to get several more 3 HMOLS. It is well 
known that k MOLS of order n are equivalent to an orthogonal array OA(k + 2, n), 
the transpose of any (i,j, aijl . . . . .  aijk) is a column of the OA, where a~it is the 
(i,j)-entry of the tth Latin square, l~<t~<k, l~<i, j~<n. k HMOLS can also 
be expressed as such an array. In the next lemma we shall give k HMOLS in this 
way. Instead of giving all the columns of the array, we usually giye part of 
them and generate the others by an additive group and perhaps some further 
automorphisms. 
Lemma 3.8. There are 3 HMOLS of type 2"for n = 8, 10, 12, 14, 16, 3 HMOLS of type 
1016, and 4 HMOLS of type 3 8. 
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Proof. For type 28, let G = Z14 and Y = { 001, 0%}. The Latin squares or the array 
will be based on X = Gvo Y. We list the following initial columns: 
:3(31 0 0 0 0 0 0 0 
0 0% 1 2 3 4 5 6 
1 1 ml  4 6 9 11 2 
3 6 3 ool 12 10 1 5 
6 12 4 6 ool 5 3 1 
By multiplying - 1 mod 14 and replacing OOl with 002, one can get 8 more columns. 
Then develop the 16 columns modulo 14 to get other columns. The resulting array 
gives 3 HMOLS of type 2 s. 
The other cases are done in a similar way. For type 21°, let G = Zls. We list the 
initial columns as follows: 
001 0 0 
0 0% 1 
1 2 001 
4 14 13 
8 17 15 
For type 212, let G = Z22. We 
0% 0 0 0 0 
0 C-C 1 1 2 3 
1 1 0% 4 6 
2 7 18 0% 16 
6 20 8 19 001 
For type 214, let G = Z26. We 
001 0 0 0 0 
0 001 1 2 3 
1 2 001 4 6 
2 4 19 OOl 10 
1 1 8 22 3 001 
For type 216, let G = 
001 0 0 
0 001 1 
1 1 0Cl 
2 3 2 
7 19 23 
0 0 0 0 0 0 0 
2 3 4 5 6 7 8 
4 6 10 13 11 3 1 
o(31 2 11 15 1 10 6 
14 ocl 6 8 13 2 7 
list the initial columns as follows: 
0 0 0 0 0 0 0 
4 5 6 7 8 9 10 
8 10 13 15 17 3 20 
10 1 9 8 20 17 3 
16 9 7 5 21 12 18 
list the initial columns as follows: 
0 0 0 0 0 0 0 0 0 
4 5 6 7 8 9 10 11 12 
8 10 12 15 17 19 25 23 5 
20 1 23 18 ll  14 9 5 24 
12 25 9 24 10 21 20 15 19 
Z3o. We list the initial columns as follows: 
0 0 0 0 0 0 0 0 0 0 0 0 0 
2 3 4 5 6 7 8 9 10 11 12 13 14 
4 6 8 10 12 14 17 19 21 23 28 5 27 
001 11 24 17 20 18 4 22 1 5 7 16 21 
27 ool 21 6 2 17 26 18 29 25 14 10 8 
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Start with 3 HMOLS(216) and apply Lemma 2.1 with m=5 to get 
3 HMOLS(1016). 
For 4 HMOLS of type 38 , let G=Z21 and Y={~I ,  oo2, ~3}. We list the 
following initial columns: 
GO 1 0 0 0 0 0 0 0 
0 O( 1 1 2 3 5 9 10 
1 2 ~1 1 5 3 15 19 
2 19 11 ~1 18 6 5 16 
3 6 16 19 O01 9 20 8 
4 15 6 17 16 O01 11 13 
Multiply by 16 and replace c~1 by 002 to get 8 more columns. Also multiply by 4 and 
replace OOl by oo3 to get 8 other columns. Then develop the 24 columns modulo 21 to 
get the desired array and 4 HMOLS of type 38. [] 
Combining Theorem 1.1 and Lemmas 3.1-3.8 we have the main result of this 
section. 
Theorem 3.9. I fh >>. 2 and n >~ 5, then there exist 3 HMOLS(h"), except possibly for the 
26 pairs (h, n) listed in Table 4. 
In addition, we present some examples of newly found 4 HMOLS and 5 
HMOLS.  
Lemma 3.10. There exist 4 H MOLS of types 37, 3 li, 313, 317, 2i341 and 5 H M O LS of 
type 21961 . 
Proof. For each case, we shall list the group, the set Y, the multipliers m and the initial 
columns. 
Type 37 ,G=Z21,  Y=0,  m= 1,16,4: 
0 0 0 0 0 0 
1 2 3 5 9 10 
2 1 6 15 20 19 
3 19 9 20 1 11 
5 11 15 16 19 6 
6 20 11 18 10 16 
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Table 4 
26 possible xceptions of 3 HMOLS(h") 










311, G = Z33 , Y =0,  m = 1,31,4,25, 16: 
0 0 0 0 0 0 
1 2 3 5 6 7 
2 1 6 12 2O 13 
3 6 13 8 26 25 
4 20 10 21 8 27 
9 5 8 24 7 4 
313, G = Z39 , Y = 0, m = 1,10,22,25,16,4: 
0 0 0 0 0 0 
1 2 3 6 7 14 
2 1 6 14 28 3 
3 6 1 2 34 38 
4 8 7 29 12 6 
5 7 10 21 30 17 
317, G = Zs1 , Y =0,  m = 1,49,4,43, 16, 19, 13,25: 
0 0 0 0 0 0 
1 2 3 5 7 9 
2 1 6 14 18 31 
3 7 1 23 2 21 
4 6 10 35 30 11 
5 8 25 28 33 39 
21341, G = Z26 , Y = {o l ,  002, (3C3, OO4}, m = 1,21,25,5: 
O1 0 0 0 0 0 0 0 
0 O1 1 2 3 4 7 8 
1 1 ~1 4 7 11 18 16 
2 3 2 O~ 22 19 25 12 
3 15 6 24 O1 12 9 1 
5 20 18 5 17 o l  3 24 
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Type 21961, G = Z38, Y = { ool, 
ool 0 0 0 0 0 0 0 
0 Go 1 1 2 3 4 8 9 
1 1 OOl 4 8 13 2 17 
2 3 2 c~1 11 25 12 32 
3 5 7 13 OOl 12 32 22 
4 31 13 18 2 oox 17 6 
11 36 9 34 17 37 ool 18 
The proof  is complete. []  
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oo2, o%, oo4, 0%, o%}, m = 1, 31, 11, 37, 7, 27: 
4. Working lemmas 
In order to deal with the existence problem of 3 HMOLS(2"31) we shall first use the 
constructions in Section 2 to derive some working lemmas in this section. 
Lemma 4.1. I f  q >t 5 and N(q) >~ 4, then there exist 3 HMOLS(24q31). 
Proof. Apply Lemma 2.2 with k = 3, t = q, m = 8, ul = 1 and u2 . . . . .  Uq_ 1 = O. 
Since 3 MOLS(8) and 3 IMOLS(9,  1) exist from Lemma 2.9, we obtain 
3 HMOLS(8ql l ) .  Further apply Lemma 2.6 with e = 2, d = 1, t, = 1 and other tl = 8 
to get 3 HMOLS(24q31). The input 3 HMOLS(25) come from Theorem 3.11. [] 
Lemma 4.2. Suppose q >>. n + 2, N(q) >~ 4 and there are 3 HMOLS(2"31). Then there 
exist 3 HMOLS(24q+"31). 
Proof. Apply Lemma 2.2 with k = 3, t = q, m = 8 and ui~ {0, 1, 2}. Since 3 IMOLS 
(8 + a, a) exist from Lemma 2.9 where aE{0, 1, 2}, we obtain 3 HMOLS(8q(2n + 1)1). 
Further apply Lemma 2.6 with e = 2, d = 1, t, = 2n + 1 and other tl = 8 to get 
3 HMOLS (24q+"31), where the input 3 HMOLS of types 25 and 2"31 are used. [] 
Lemma4.3. I f  q >~ 7 and N (q) >t4 + r for r= l ,2 ,  then there exist 
3 HMOLS(2~q+'31). 
Proof. Apply Lemma 2.4 with k = 3, e = 1 + r, t = q, m = 8, ul . . . . .  ur = 2, 
v1=1 and v2 . . . . .  Vq - l=0.  From [22], there are 3 IMOLS(8+a,a)  and 
3 IMOLS(8 + 2 + a; 2, a) for a = 0, 1. We then obtain 3 HMOLS(8q- I (8  + 2r)111). 
Further apply Lemma 2.6 with e=2,  d=l ,  t ,= l ,  t , - l=8+2r  and other 
ti = 8 to get 3 HMOLS(24q+'31). The input 3 HMOLS(2  b) for b = 5, 6, 7 come from 
Theorem 3.11. []  
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Lemma 4.4. I f  (1) q>15, N(q)>~4 and 3 HMOLS(2 q) exist, or (2) N(2q)>~3, 
N(2q + 1) >~ 3 and 3 HMOLS(2 q÷l) exist, then there exist 3 HMOLS(25q31). 
Proof. (1)Apply Lemma 2.7 with k=3,  t=q,  m=10,  ul =u2=u3 = 1, 
u4 . . . . .  uq-1 = 0 and a = 2. Since there are 3 IMOLS(10, 2), 3 IMOLS( l l ;  2, 1) 
and 3 HMOLS(2q), we get 3 HMOLS(10q31). Filling in the size 10 holes with 
3 HMOLS(25) gives the desired 3 HMOLS (25q31). 
(2) Apply Lemma 2.2 with k = 3, t = 5, m = 2q, Ul = 1 and u2 . . . . .  Uq_l = 0, 
we get 3 HMOLS((2q)511). Further apply Lemma 2.6 with e = 2, d = 1, t, = 1 and 
other t l - -2q  to get 3 HMOLS(2sq31), where the input 3 HMOLS(2 q+~) are 
needed. [] 
Lemma 4.5. Suppose N(2t)>~ 7 and there exist 3 HMOLS of types 2 u+l and 2 t+ 1. 
Then there exist 3 HMOLS(27t+u31). 
Proof. Start with a TD(9, 20. Give weight one to each point of the first 7 groups. Give 
weight two to u points in the second last group, weight one to one point in the last 
group and weight zero to the remaining points. Apply Lemma 2.5 to get 3 HMOLS of 
type (2t)7(2u) 111. The input 3 HMOLS of types 17, 18, 1721, 1821 all exist from [22]. 
Further apply Lemma 2.6 with e = 2, d = 1, t, = 1, t, 1 = 2u and other ti = 2t to get 
3 HMOLS (27t+u31), where the input 3 HMOLS(2 "+1) and 3 HMOLS(2 t+l) are 
needed. [] 
Lemma 4.6. Suppose N(m) >>. 7 and there exist 3 HMOLS of types 1 m i and 2 w+l, 
where w is even and 4 <~ w <~ m - 1. Then there exist 3 HMOLS(24tm- 1)+w31). 
Proof. Delete one point from a TD(9, m). We obtain a {9, m}-GDD of type 
8"(m - l) 1. Further delete m - 1 - w points from the size m - 1 group and 7 points 
from another group. We get a {7, 8, 9, m, m-  1}-GDD of type 8"-111w I such that 
any size 7 block does not intersect he size w group. Now, give weight two to each 
point in the size w group and weight one to other points. Using 3 HMOLS of types 17, 
1 s, 1721, 1821, 1 m and 1 m-1  (see [22]) as input designs we obtain 3 HMOLS of type 
8 ~- 111(2w)1. Adding two new points and filling in holes with 3 HMOLS of types 23 
and 2 w+l, we get the desired 3 HMOLS.  [] 
Lemma 4.7. Suppose N(m) >1 7 and there exist 3 HMOLS of type 2w31, where 
5 < w < m. Then there exist 3 HMOLS(2t4"-4+w)31). 
Proof. The proof is similar to that of Lemma 4.6. We start with the TD(9, m) and 
delete m - w points from one group and then adjoin one infinite point, say x, to the 
resulting groups so as to form a {8, 9, m + 1}-GDD of type 8"(w + 1) 1. We then 
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further delete one of the groups of size 8 to get a {7, 8, 9, m}-GDD of type 
8 ~m- 1)(w + 1) ~, where the point x belongs to the group of size w + 1. In this particular 
group, we give x weight one and the remaining points weight wo. We give weight one 
to all the other points of the GDD, so that we obtain 3 HMOLS of type 
8~m- 1)(2W + 1) 1, using 3 HMOLS of types 1 v, 18, 1721, lS21, and 1 m. Adding two new 
points and filling in the holes with types 25 and 2w31, we obtain the required 
3 HMOLS. [] 
Lemma 4.8. Suppose N(m) >>. 8 and there exist 3 HMOLS of type 2 (m- 1)/2. Suppose 
w = 1, or there are 3 HMOLS of type 2 w, 5 <~ w <~ m. Then there exist 3 HMOLS of 
type 2 arm- 1)+w31. 
Proof. Deleting nine points from a block in a TD (10, m) gives a {9, 10}-GDD of type 
m I (m - -  i )  9. Give weight two to w points and weight zero to other points in the size 
m group. Give weight zero to m - 4 points in another group. All the remaining points 
receive weight one. Using 3 HMOLS of types 17, 18, 19, 1721, lS21 and 1921 (see [22]) 
as input designs we obtain 3 HMOLS of type (m - 1)s31(2w) 1.Filling in holes with 
3 HMOLS of types 2 ~m- 1)/2 and 2 TM, we get the desired 3 HMOLS. [] 
To apply the above working lemmas we need the known results for N(q). 
Lemma 4.9 (Colbourn and Dinitz [11]). (1) N(q) >~ 4 ifq >~ 5 and qq~E4 : {6, 10, 14, 
18, 22, 34, 42}. 
(2) N(q) >1 5 if q >>. 7 and q¢E5 = E4w{15, 20, 26, 28, 30, 33, 35, 38, 39, 44, 45, 46, 
51, 52, 54, 60, 62}. 
(3) N(q) ~ 6 ifq >>. 7 and qCE 6 = Esw{12, 21, 24, 36, 48, 55, 58, 66, 68, 74, 75}. 
5. Existence of 3 HMOLS (2"31) 
In this section, we shall show that 3 HMOLS(2"31) exist for all integers n ~> 6 with 
18 possible xceptions. The following necessary conditions is easily seen by a simple 
counting argument. 
Lemma 5.1. I f3  HMOLS(2"31) exist, then n >>. 6. 
Proof. Suppose the given 3 HMOLS are based on a (2n + 3)-set S having a size 3 hole 
indexed by H × H, where H c S. For a symbol h E H, there are altogether (2n) 2 - 4n 
possible positions where h can occur. Each symbol in H should occur in each square 
2n times. So, (2n) 2 - 4n >~ (2n).3.3. Thus we have n ~> 6. [] 
For the sufficiency, we shall work on n modulo 4. 
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Lemma 5.2. For n >>- 6 and n = 0 (mod 4), 3 HMOLS(2"31) exist if  n ¢ 12, 16 and 24. 
Proof. From [10], there exist 3 HMOLS(2831). Applying Lemma 4.1 with q from 
Lemma 4,9 (1) gives 3 HMOLS(2"31) for n = 4q, q ~> 5 and q¢E4. If q ~> 14 and q E/~4, 
we may write n = 4q = 4q '+ 8 such that N(q')>~ 4 and q'~> 10. Then applying 
Lemma 4.2 gives 3 HMOLS(2"31) for qeE4.  For n = 40, 3 HMOLS(2"31) come from 
Lemma 4.4(2) since 3 HMOLS(29) exist from Theorem 3.11. This completes the 
proof. [] 
Lemma 5.3. For n >1 6 and n = 1 (mod 4), 3 HMOLS(2"31) exist i fn  ~ 9, 17 and 21. 
Proof. First we construct 3 HMOLS(21331) directly. Let G = Z26 and 
Y = { 001, 002, 0%}. We list the following initial columns: 
ool 0 0 0 0 0 0 0 0 0 
0 oG 1 1 2 4 5 7 8 14 17 
1 2 001 1 8 7 5 4 25 22 
2 4 2 ool 3 17 22 24 21 15 
3 9 18 24 ool 12 19 16 7 23 
We use, 1, 9, 3 as multipliers to get 30 columns for further development by G. Thus, we 
obtain 3 HMOLS(21331). 
Next, we apply Lemrna 4.4(1) to get 3 HMOLS(22531). Applying Lemma 4.3 with 
q =7 and r= 1 gives 3 HMOLS(22931). Then, we apply Lemma 4.2 with 
q = (n - 25)/4 or (n - 29)/4 to get 3 HMOLS(2"31) where q >~ 27, that is n ~> 133. For 
33 ~< n ~< 129, Lemma 4.3 can be used with r = 1 to get 3 HMOLS(2"31) except for 
n = 41, 57, 61, 73, 81, 89, 105, 113 and 121, which we deal with in Table 5. [] 
Lemma 5.4. For n >>. 6 and n = 2 (mod 4), 3 HMOLS(2"31) exist ifn ~ 6, 10, 14, 18, 22 
and 26. 
Proof. First, applying Lemma 4.3 with q = 7 and r = 2 gives 3 HMOLS(2"31) for 
n = 30. Then, we apply Lemma 4.2 with q = (n - 30)/4 to get 3 HMOLS(2"31) where 
q ~> 32 and q 4: 34, 42, that is n ~> 158 and n -¢ 166, 198. 
For the remaining n, again apply Lemma 4.3 with r = 2 and q from Lemma 4.9(3). 
This leaves 42, 50, 58, 62, 74, 82, 86, 90, 98, 106, 114, 122, 134, 138, 142, 146, 154. 
For n = 42, we apply Lemma 2.2 with k = 3, t = 7, m = 12 and ui = 0 or 1 to get 
3 HMOLS(12731). Further filling in size 12 holes with 3 HMOLS(26) gives 
3 HMOLS(24231). 
For n = 86, start with a TD(10, 19) and delete 9 points from a block. In the resulting 
GDD of type 189191, we select one group of size 18 and assign weight 2 to six points 
and weight 0 to the other points. For all remaining points of the GDD we give weight 
62 
Table 5 
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n Lemma Parameters 
41 4.8 m = 11, w = 1 
57 4.8 m=13, w=9 
61 4.8 m = 13, w = 13 
73 4.8 m=19, w=l  
81 4.8 m = 19, w = 9 
89 4.8 m = 19, w = 17 
105 4.4(1) q = 21 
113 4.8 m=27, w=9 
121 4.8 m = 27, w = 17 
Table 6 
n Lemma Parameters 
50 4.4(2) q = 10 
58 4.6 m = 13, w = 10 
62 4.5 t = 8, u = 6 
74 4.6 m = 17, w = 10 
82 4.6 m = 19, w = 10 
90 4.6 m = 19, w = 18 
98 4.6 m = 23, w = 10 
106 4.6 m = 25, w = 10 
114 4.6 m=25, w= 18 
122 4.6 m = 27, w = 18 
134 4.6 m = 29, w = 22 
138 4.6 m = 29, w = 26 
142 4.6 m = 31, w = 22 
146 4.6 m = 31, w = 26 
154 4.6 m = 37, w = I0 
one to get 3 HMOLS(188121191) ,  using 3 HMOLS of types 1 s, 19, 1821, 1921 as input  
designs. F i l l ing in the holes with 3 HMOLS of types 29, 26 and 2831 gives the desired 
3 HMOLS (28631). 
F inal ly,  we deal  with the remain ing  n in Tab le  6. [ ]  
Lemma 5.5. For n >>, 6 and n = 3 (mod 4), 3 HMOLS(2n31)  exist i fn  ~ 11, 15, 19, 23, 
27 and 31. 
Proof .  F rom [10], there exist 3 HMOLS(2731) .  App ly  Lemma 4.2 with q = (n - 7)/4 
to get 3 HMOLS(2n31)  where q ~> 9 and q ¢ 10, 14, 18, 22, 34, 42, that is n t> 43 and 
n ~ 47, 63, 79, 95, 143, 175. 
For  n = 63, start  with 3 HMOLS(29)  and apply Lemma 2.1 with m = 7. We obta in  
3 HMOLS of type 149. Add ing  three new points  and fil l ing in size 14 holes with 
3 HMOLS(2731)  gives the desired 3 HMOLS(26331) .  
For  n = 143, start with a TD(10,  32). G ive  weight  two to 8 points  and weight  zero to 
the o ther  po ints  in the first group.  G ive  weight  zero to 17 points  in the second group 
and weight  one to the remain ing  points  of the GDD.  This  gives 3 HMOLS of types 
32816115 ~, using the usual  3 HMOLS of known types. We can then add two new 
points,  us ing 3 HMOLS of types 217, 29, 2731, to get 3 HMOLS(214331) .  
F inal ly,  we deal  with the remain ing  n in Tab le  7. [ ]  
Combin ing  Lemmas 5.2-5.5 we have the main  result of  this section. 
Theorem 5.6. For any n >~ 6, there exist 3 HMOLS(2n31)  except possibly for 
ne{6,  9, 10, 11, 12, 14, 15, 16, 17, 18, 19, 21, 22, 23, 24, 26, 27, 31}. 
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Tab le  7 
n Lemma Parameters  
35 4.7 m = 8, w = 7 
39 4.7 m - 9, w = 7 
47 4.7 m= 11. w=7 
79 4.7 m = 19, w= 7 
95 4.7 m = 23, w = 7 
175 4.7 m = 43, w = 7 
63 
6. An application to PMDs 
As an application of the existing results of 3 HMOLS for type 2" and 2"31, we shall 
improve in this section the existence result of perfect Mendelsohn designs with block 
size five. 
A perfect Mendelsohn design with parameters v, k and £, denoted by (v, k, ,i)-PMD, 
is a decomposition of the complete directed multigraph 2K* on v vertices into 
k-circuits uch that for any r, 1 ~< r ~< k - 1, and for any two distinct vertices x and 
y there are exactly 2 circuits along which the (directed) distance from x to y is r. For 
k = 5, it has been shown (see [6, 5, 20, 3, 25]) that the necessary condition is also 
sufficient except for v = 6 and 2 = 1, and possibly excepting (v, 2) where ,:. = 1 and 
ve {10, 15, 20, 26, 30, 36, 46, 50, 56, 66, 86, 126, 146, 186, 206, 246}, and (v, 2) = (18, 5). 
From Lemma 2.3 and Corollary 3.8 in [-5], we have the following lemmas. 
Lemma 6.1. I f  there are 3 HMOLS(I"), then there exists an (n, 5, 5)-PMD. 
Lemma 6.2. I f  there are 3 HMOLS(2"31), then there exists a (10n + 16, 5, 1)-PMD. 
We may apply these lemmas to improve the above known result. 
Lemma 6.3. There exists a (18, 5, 5)-PMD. 
Proof. There are 3 HMOLS(118) from Theorem 
a (18, 5, 5)-PMD. [] 
1.1. Apply Lemma 6.1 to get 
Lemma 6.4. There exists a (v, 5, 1)-PMD for v = 86 and 146. 
Proof. There are 3 HMOLS(2"31) for n = 7 and 13 from Theorem 3.11. Apply Lemma 
6.2 to get a (v, 5, 1)-PMD for v -- 86 and 146. [] 
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We can now update the existence result for (v, 5, 2)-PMDs as follows. 
Theorem 6.5. The necessary condition for the existence of a (v, 5,2)-PMD, 
namely, 2v(v - 1) --- 0 (mod 5) is also sufficient, except for v = 6 and 2 = 1, and possibly 
excepting (v, 2) where 2 = 1 and v6{10, 15, 20, 26, 30, 36, 46, 50, 56, 66, 126, 186, 
206, 246}. 
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